Global unit squares and local unit squares  by Li, Yan & Zhang, Xianke
Journal of Number Theory 128 (2008) 2687–2694
www.elsevier.com/locate/jnt
Global unit squares and local unit squares
Yan Li ∗, Xianke Zhang
Department of Mathematical Sciences, Tsinghua University, Beijing 100084, China
Received 8 October 2007; revised 18 February 2008
Available online 12 June 2008
Communicated by David Goss
Abstract
For units of any Galois number field, we study the relations between the units being global squares and
those being local squares.
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1. Introduction
Let K be a real Galois extension of Q. Let U+K and U1K be the totally positive units and units
of norm 1 of K respectively. For any place v of K , let UKv be the local units of Kv . If v is
archimedean, UKv is just R∗ or C∗.
The following two problems have a long history.
P(1) U+K = U2K .
P(2) [UK : U1K ] = 2.
In 1899, Weber [7] showed that P(1) holds when K is the maximal real subfield of Q(ζ2r ). For
recent developments and some historical reviews of the two problems, see M. Kim and S. Lim [3].
Notice that P(1) holds is equivalent to the map UK/U2K →
∏
v|∞ UKv/U2Kv is injective. For
any prime p and any number field K , we can consider the similar question whether UK/U2K →
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v|p UKv/U2Kv is injective or not? For simplicity, we always assume that K is Galois over Q
and p = 2.
In this article, we consider the following problem.
P(3) There exists an odd prime p such that UK/U2K →
∏
v|p UKv/U2Kv is injective.
Notice that if p | p, and p = 2, then UKp/U2Kp is isomorphic to F∗p/F∗2p , where Fp =OK/p
is the residue field of p. The reason is that UKp  U1Kp × F∗p and (1 + x)1/2 converges in U1Kp ,
where U1Kp = 1 + pOKp .
The main result is that P(3) holds is equivalent to Hom(UK/U2K, {±1}) is a cyclic
F2[Gal(K/Q)]-module. (The action of Gal(K/Q) on Hom(UK/U2K, {±1}) is defined in Sec-
tion 2.) The proof is based on ˘Cebotarev’s density theorem and is given in Section 3. Moreover,
if such primes exist, we give their Dirichlet density in Section 4. And if K is real, the density
formula only depends on the group structure of Gal(K/Q). In the last section, assuming K is
real, we show that P(1) implies P(3) and P(3) implies P(2). And we also prove that if the class
number hQ(ζpr )+ is odd, then such primes exist for Q(ζpr )
+ and Q(ζpr ), where p is an odd prime
and Q(ζpr )+ is the maximal real subfield of Q(ζpr ).
2. Preliminary
Let L = K(√UK ), i.e. the Galois extension of K by adjoining all the square roots of elements
of UK . L is an abelian extension of K of exponent 2. Denote Gal(L/K) = H , Gal(K/Q) = G.
G acts on H by gh = g˜hg˜−1, where g ∈ G, h ∈ H and g˜ is a lifting of g in Gal(L/Q). By
Kummer theory, there is a non-degenerate G-equivariant bilinear pairing:
H × UK/U2K → μ2 = {±1}, (h, u¯) =
h(
√
u )√
u
.
So H ∼= Hom(UK/U2K,μ2) as G-modules. The action of G on Hom(UK/U2K,μ2) is defined as
follows:
gf (u¯) = f (g−1u¯), for g ∈ Gal(K/Q), f ∈ Hom(UK/U2K,μ2), u¯ ∈ UK/U2K.
Denote [K : Q] = n. Let r = n if K is real, and r = n2 , if K is complex. By Dirichlet’s unit
theorem, the dimension of UK/U2K as F2 vector space is equal to r . Let {u1, u2, . . . , ur} ⊂ UK
be representatives such that u¯1, u¯2, . . . , u¯r form a F2-basis of UK/U2K . Then it is easily seen that
H  Gal(K(√u1 )/K)× Gal(K(√u2 )/K)× · · · × Gal(K(√ur )/K).
The isomorphism is given by restriction to the subfields.
For the convenience of the reader, ˇCebotarev’s density theorem is listed below. For a proof,
see Neukirch [4, pp. 545–546].
Theorem 1 ( ˘Cebotarev). Let L/K be a Galois extension with group G. For every σ ∈ G, denote
PL/K(σ ) by the set of all prime ideals p of K unramified in L such that there exists a prime
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PL/K(σ ) has a density, and it is given by
d
(
PL/K(σ )
)= #〈σ 〉
#G
,
where 〈σ 〉 is the conjugacy class in which σ lies.
Lemma 2.1 is a key observation in proving the main result: Theorem 3.5.
Lemma 2.1. Let u ∈ UK . Let p be an odd prime and p be a prime ideal of K lying above p.
Then u ∈ U2p if and only if (p,L/K) fixes K(
√
u ).
Proof. u ∈ U2p is equivalent to p splits completely in K(
√
u ). Since p is unramified in K(
√
u ),
this is equivalent to (p,K(
√
u )/K) = Id. As the Artin symbol satisfies (p,L/K)|K(√u) =
(p,K(
√
u )/K), the result follows. 
3. Main result
Proposition 2. The natural map UK/U2K →
∏
v UKv/U
2
Kv
is injective, where v runs over all
places of K .
Proof. Let u belong to the kernel of the map. Then u ∈ U2v for all v. By Lemma 2.1,
(v,K(
√
u )/K) = Id for all v | p, where p is an odd prime. So the Dirichlet density
d(PK(
√
u)/K(Id)) = 1. By ˘Cebotarev’s density theorem, the extension K(
√
u )/K is trivial. Thus
u ∈ U2K . 
Remark 3. The above property is a Hasse-principle for determining whether a global unit is a
square or not.
Proposition 4. There exist prime ideals p1,p2, . . . ,pr such that the natural map
UK/U
2
K →
∏
1ir
UKpi /U
2
Kpi
is injective.
Proof. Let σ1, σ2, . . . , σr ∈ H such that σi |K(√uj ) is nontrivial unless j = i. Then σ1, σ2, . . . , σr
form a F2-basis of H . By ˘Cebotarev’s density theorem, there exist prime ideals p1,p2, . . . ,pr
of K such that (pi ,L/K) = σi and pi does not divide 2 for all i. If u belongs to the kernel,
then u ∈ U2Kpi . By Lemma 2.1, σi fixes K(
√
u ). By construction, σ1, σ2, . . . , σr generate H , so
K(
√
u ) = K by Galois theory. Thus u ∈ U2K . 
Proposition 5. Let p be an odd prime. Then the natural map
UK/U
2
K →
∏
UKv/U
2
Kvv|p
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F2[G] generator of H .
Proof. Let u be any unit of K . By Lemma 2.1
u ∈ U2Kv , ∀v | p ⇔ (v,L/K) fixes K(
√
u ), ∀v | p.
It is obvious that
u ∈ U2K ⇔ K(
√
u ) = K.
So UK/U2K →
∏
v|p UKv/U2Kv is injective is equivalent to
∀u ∈ UK, (v,L/K) fixes K(√u ), ∀v | p ⇒ K(√u) = K.
By Galois theory, this is equivalent to the subgroup generated by (v,L/K) for all v | p is
equal to H . It is also equivalent to (v,L/K) is a F2[G] generator of H since for any g ∈ G,
(gv,L/K) = g˜(v,L/K)g˜−1 = g(v,L/K), where g˜ is a lifting of g in Gal(L/Q). 
Theorem 6. There exists an odd prime p such that the natural map
UK/U
2
K →
∏
v|p
UKv/U
2
Kv
is injective if and only if Hom(UK/U2K,μ2) is a cyclic F2[G]-module. Moreover if K is real,
this is equivalent to UK/U2K is a cyclic F2[G]-module.
Proof. Since H is isomorphic to Hom(UK/U2K,μ2) as F2[G]-modules, the “only if” part fol-
lows easily from Proposition 5. Conversely, if H is cyclic, let σ ∈ H be a F2[G] generator of H .
By ˘Cebotarev’s density theorem, there exists a prime p such that p does not lie above 2 and
(p,L/K) = σ . Using Proposition 5 again, we get UK/U2K →
∏
g∈G UKgp/U2Kgp is injective.
The rest follows from Lemma 3.1. 
Lemma 3.1. Let G be a finite group and V be a finite-dimensional F2-vector space equipped
with G-linear action. Assume r = n, where r is the dimension of V and n is the cardinality of G.
Then V is a cyclic F2[G]-module if and only if V ∗ = Hom(V ,F2) is a cyclic F2[G]-module.
Proof. Assume V is cyclic. By assumption r = n, thus V  F2[G] as an F2[G]-module. It
suffices to show Hom(F2[G],F2) is also cyclic. The elements {g | g ∈ G} form a basis of F2[G].
Let {δg | g ∈ G} be the dual basis of F2[G]∗. By definition, hδg = δhg for any h,g ∈ G. Then
δ1 is a F2[G] generator of F2[G]∗. Thus V ∗ ∼= F2[G]∗ is cyclic. The converse follows easily by
duality. 
A unit u is called a Minkowski unit, if its Galois conjugates generate a subgroup of finite
index in the whole unit group. We know that such units always exist. (See Washington [6,
Lemma 5.27].)
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natural map
UK/U
2
K →
∏
v|p
UKv/U
2
Kv
is injective if and only if there exists a Minkowski unit ε such that Z[G]ε is of odd index in UK .
In particular, the norm of ε is −1.
Proof. By Theorem 6, the existence of such p is equivalent to UK/U2K is a cyclic F2[G]-module.
This means there exists a unit ε such that UK = Z[G]ε + U2K . Let E = Z[G]ε. Then,
UK = E + U2K ⇔ UK/E = (UK/E)2 ⇔ #UK/E is odd.
In particular, −1 belongs to E. So the norm of ε must be −1, otherwise E will be a free abelian
group. 
4. The density
Let
P(Q) =
{
p
∣∣∣ p is an odd prime s.t. UK/U2K →∏
p|p
UKp/U
2
Kp
is injective
}
,
P (K) = {p ∣∣ p is a prime of K s.t. F2[G](p,L/K) = H and p  2}.
In this section, we assume P(3) holds for K , i.e. P(Q) = ∅. We will compute the Dirichlet
density of P(Q). By Proposition 5, P(K) is just the set of primes of K lying above the primes
of P(Q).
To compute d(P (Q)), we will introduce some notations. Let
n = [K : Q], r = dimF2 H = dimF2 UK/U2K,
δ = #{F2[G] generators of H},
ν = #{g ∣∣ g ∈ Gal(L/Q), F2[G]g2 = H}.
In the following, we treat the case of K being real and complex separately.
(A) The real case. Since r = n, H ∼= F2[G]. Thus δ = #{units of F2[G]}. For any p ∈ P(Q),
H =∑p|p F2(p,L/K), so p splits completely in K . By ˘Cebotarev’s density theorem, we get
lim
s→1+
∑
p∈P(Q) p−s∑
pNp
−s =
1
n
lim
s→1+
∑
p∈P(K) Np−s∑
pNp
−s =
d(P (K))
n
= δ
2nn
,
d
(
P(Q)
)= lim
s→1+
∑
p∈P(Q) p−s∑
p p
−s = lims→1+
∑
p∈P(Q) p−s∑
pNp
−s lims→1+
∑
pNp
−s∑
p p
−s =
δ
2nn
= #{units of F2[G]} 1 .2nn
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p|p F2(p,L/K) and r = n/2. So we can divide P(Q) into three sets P1(Q), P2(Q) and P3(Q),
where
P1(Q) =
{
p
∣∣ f (p,K/Q) = 1, e(p,K/Q) = 1, p ∈ P(Q)},
P2(Q) =
{
p
∣∣ f (p,K/Q) = 2, e(p,K/Q) = 1, p ∈ P(Q)},
P3(Q) =
{
p
∣∣ f (p,K/Q) = 1, e(p,K/Q) = 2, p ∈ P(Q)}.
Notice that
∑
f (p,K/Q)=2 Np−1 converges. We can compute d(P1(Q)) = δ/(2
n
2 n) by the same
method as the real case. Since P3(Q) is a finite set, d(P3(Q)) = 0. Thus we only need to compute
d(P2(Q)). By Proposition 5,
P2(Q)
= {p ∣∣ p = 2, f (p,K/Q) = 2, e(p,K/Q) = 1, ∀P | p, primes of L, F2[G](P,L/K) = H}
= {p ∣∣ p = 2, f (p,K/Q) = 2, ∀P | p, primes of L, F2[G](P,L/Q)2 = H}
= {p ∣∣ p = 2, ∀P | p, primes of L, F2[G](P,L/Q)2 = H}.
We only need to show the last equality. If F2[G](P,L/Q)2 = H , then (P,L/Q)2 ∈ H and
f (p,K/Q) | 2. If f (p,K/Q) = 1, then (P,L/Q) ∈ H and (P,L/Q)2 = 1. This contradicts
to F2[G](P,L/Q)2 = H , so f (p,K/Q) = 2. By ˘Cebotarev’s density theorem, d(P2(Q)) =
ν/(n2n/2). Then
d
(
P(Q)
)= d(P1(Q))+ d(P2(Q))+ d(P3(Q))= δ + ν2n/2n.
Notice that δ + ν = #{g | g ∈ Gal(L/Q), F2[G]g = H or F2[G]g2 = H }. We get
d
(
P(Q)
)= #{g ∣∣ g ∈ Gal(L/Q), F2[G]g = H or F2[G]g2 = H} 12n/2n.
Summarizing, we get
Theorem 8. Let the notations be as above. Assume P(Q) is not empty. Then
d
(
P(Q)
)= #{units of F2[G]} 12nn,
if K is real. And
d
(
P(Q)
)= #{g ∣∣ g ∈ Gal(L/Q), F2[G]g = H or F2[G]g2 = H} 12n/2n,
if K is complex.
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Let K be a real Galois extension of Q. In [3], M. Kim and S. Lim defined the signature map
sgn :UK → F2[G],
sgn(u) =
∑
g∈G
σ
(
g−1(u)
)
g,
where σ :UK → F2 is the sign map defined by
σ(u) =
{0 if u > 0,
1 if u < 0.
The signature map is important in studying the problems P(1) and P(2). It is a group homo-
morphism and the kernel is equal to U+K . Since U
+
K ⊃ U2K , we can define the natural map
UK/U
2
K → F2[G] which is still denoted by sgn. It is easily seen that sgn :UK/U2K → F2[G]
is a homomorphism of F2[G]-modules with kernel U+K/U2K . By comparing dimensions, P(1)
holds if and only if sgn :UK/U2K → F2[G] is an isomorphism. By Theorem 6, P(1) holds im-
plies that P(3) holds. P(3) holds if and only if the norm map from UK to μ2 is surjective. By
Corollary 7, P(3) holds implies that P(2) holds. Hence, we can give some examples of fields in
which P(3) holds or not.
Example 5.1. Garbanati [1] showed that P(2) does not hold for the maximal real subfield of
Q(ζn), where n is not a prime power. So P(3) does not hold for Q(ζn)+.
Example 5.2. Hasse [2] proved if K is a real abelian extension over Q with degree a power of 2
and the discriminant a prime power, then P(1) holds. So P(3) holds for such fields.
Example 5.3. Assume that K/Q is a real Galois extension of degree a power of 2. For such K ,
Garbanati [1] showed that P(1) holds is equivalent to P(2) holds. So the three properties are all
equivalent for such K . In particular, for K being a real quadratic field Q(
√
d ), where d is a
positive squarefree integer, it is well known that the fundamental unit of K has negative norm
if and only if the length of the period of the continued fraction of expansion of
√
d is odd (see
Stark [5]).
Finally we give an application of Theorem 6.
Theorem 9. Let h+q be the class number of Q(ζq)+, the maximal real subfield of Q(ζq), where
q = pr and p is an odd prime. If h+q is odd, then P(3) holds for Q(ζq) and Q(ζq)+.
Proof. Let K = Q(ζq), K+ = Q(ζq)+, G = Gal(Q(ζq)/Q) and G+ = Gal(Q(ζq)+/Q) respec-
tively. It is known that UK = UK+W , where W = 〈−ζq〉 is the group of roots of unity of K . (See
Washington [6, Corollary 4.13].) Since
UK+U
2
K = UK+W 2 = UK+〈ζq〉 = UK+〈−ζq〉 = UK,
by comparing F2-dimensions, we get UK+/U2K+  UK/U2K as F2[G]-modules. Thus Hom(UK/
U2 ,μ2) is a cyclic F2[G]-module if and only if Hom(UK+/U2 + ,μ2) is a cyclic F2[G]-module.K K
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cyclic F2[G]-module if and only if Hom(UK+/U2K+ ,μ2) is a cyclic F2[G+]-module. By Theo-
rem 6, P(3) holds for K if and only if P(3) holds for K+.
Let
ξa = ζ (1−a)/2 1 − ζ
a
1 − ζ , 1 < a < q, p  a,
where the exponent (1 − a)/2 is taken modulo q . The group of cyclotomic units of K+ is gen-
erated by −1 and ξa , where 1 < a < q , p  a. (See Washington [6, Lemma 8.1].) Denote CK+
by the group of cyclotomic units of K+. It is well known that h+q = [UK+ : CK+] (e.g. Washing-
ton [6, Theorem 8.2]). By assumption [UK+ : CK+] is odd. If we can show that CK+ is a cyclic
Z[G+]-module, then P(3) holds for K+ by Corollary 7.
Let 1 < g < q be an integer such that (Z/qZ)∗ = 〈g¯〉. Let σg ∈ G satisfy σg(ζq) = ζ gq . Then
σg generates G. Let m = φ(q)/2 − 1. Since ξ−a = −ξa , it follows that C+q is generated by −1
and m-distinct units
ξgi , 1 i m.
Since
σg(ξgi ) = ζ (g−g
i+1)/2 1 − ζ gi+1
1 − ζ g =
{
ξ−1g ξgi+1 if 1 i < m,
−ξ−1g if i = m,
it follows that
ξgi = σg(ξgi−1)ξg if 2 i m, −1 = σg(ξgm)ξg.
Thus CK+ = Z[G]ξg = Z[G+]ξg . The proof is finished. 
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